Abstract. We present summaries of a number of research problems in invariant theory. These problems were posed during the organized problem sessions held during the April 2002, Kingston Ontario, Invariant Theory Workshop and Conference.
Introduction
During the Invariant Theory Workshop held in Kingston, Ontario in April 2002 there were four hour long organized problem sessions. During these sessions a number of the workshop participants posed problems for future research. V. Popov and Z. Reichstein have written articles which appear elsewhere in this proceedings where they present detailed descriptions of the problems they posed during the workshop. Here we briefly summarize the other problems that were posed during the workshop. Two of these problems have been solved since they were posed. Notably, Question 1.1 was solved during the workshop. The other problem which has been settled since the workshop is Conjecture 12.2. At the time of this writing all the other problems remain open.
A few of the participants wrote the sections bearing their name which describe the problem(s) they posed. For the other sections, I wrote the description based upon my notes from the problem session. Many of these descriptions have been benefited from the comments of the original problem posers. I, however, bear the responsibility for any errors that may have have crept through. I thank everyone who participated in this project, and particularly acknowledge the anonymous referee for a great many useful comments and corrections.
Before proceeding to the summaries of the problems, we provide a few definitions and some notation which will prove useful in a number of the sections.
Let F be a field and consider a finitely generated Noetherian graded F-algebra A = ⊕ ∞ i=0 A i . We denote by H(A, t) the Hilbert series of A, H(A, t) := ∞ i=0 (dim A i )t i . We define the Noether Number of A, denoted β(A), to be the maximum degree of an element of a homogeneous minimal generating set for A. It is not hard to show that β(A) is independent of the choice of homogeneous minimal generating set. Indeed, if we consider the artinian algebra B := A/(A + ) 2 where
is the largest degree in which the graded algebra B is non-zero.
For an ideal I of A we let β(I) denote the largest degree of an element in a homogeneous minimal set of ideal generators for I. Again considering I/I 2 we may show that β(I) is well-defined.
We call a representation V of G a permutation representation if there exists a basis B = {v 1 , . . . , v n } of V which is stabilized by every element g of G. Thus V is a permutation representation if and only if G is (conjugate to) a subgroup of the symmetric group S n ⊂ GL(V). If V is a permutation representation then G also permutes B * = {x 1 , . . . , x n }, the basis of V * which is dual to B.
Further for f ∈ F[V ] we define the orbit sum of f as h∈G·f h. It is well known that for a permutation representation the set of orbit sums of the monomials (with respect to {x 1 , x 2 . . . , x n }) in F[V ] forms a vector space basis for F [V ] G . Let V be a G-module. The Hilbert ideal , J, is the ideal of F[V ] generated by the augmentation ideal, (F[V ] G ) + , of the algebra of G-invariants.
Karin Baur
Let V = C n+1 be the standard representation of SL n+1 (C). Denote by 1 , 2 , . . . , n+1 the weights of SL n+1 (C) acting on V with corresponding weight vectors e 1 , e 2 , . . . , e n+1 . Write ω i := 1 + 2 + . . . + i and let v i = v ω i := e 1 ∧ e 2 ∧ . . . ∧ e i denote a highest weight vector in ∧ i V . Let i < j and consider ∧ i V ⊗ ∧ j V . This decomposes as a direct sum of irreducible SL n+1 (C) representations:
We are interested in knowing whether every decomposable tensor in the Cartan component,
During the Kingston workshop Christian Ohn found the solution (for SL n ) to Question 1.1 which had been posed by Karin Baur. Later, Baur was able to generalize Ohn's result and classify all tensor products V λ ⊗V µ of irreducible representations of a reductive group G where the set of decomposable tensors in the Cartan component V λ+µ is equal to the orbit closure Gv λ ⊗ v µ (orbit of the tensor of two highest weight vectors).
The general result ([B] ) is the following: Theorem 1.2. Let G be a connected reductive complex algebraic group, let λ and µ be dominant integral weights (with respect to a fixed Borel subgroup). The set of decomposable tensors in the Cartan component V λ+µ of V λ ⊗ V µ is equal to the orbit closure Gv λ ⊗ v µ if and only if the following two conditions hold:
where L µ ⊂ G is the Levi subgroup generated by the maximal torus and the root subgroups of the roots perpendicular to µ, and Gv is the linear span of the orbit Gv, i.e., the representation it generates).
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Harm Derksen
Let V be an F-vector space and let G be a linearly reductive subgroup of GL(V ) such that G is a Zariski closed subset of End(V ). Let W be a G-module.
Definition 2.1. The complexity of W is denoted c(W ) and defined by
If the characteristic of F is zero then G = SL(n, F) is linearly reductive. Let λ = (λ 1 , . . . , λ n−1 ) be a highest weight and let V (λ) be the corresponding irreducible
C for all scalars λ 1 , λ 2 ; and (3) If φ 1 : W → Z 1 and φ 2 : W → Z 2 are two covariants with φ 1 , φ 2 ∈ C and ψ :
Example 2.5. View the algebraic group GL(V ) as a Zariski closed subset of End(V ⊕V * ).
is generated by traces of products, i.e., by elements of the form Tr(
We can view A i j as a covariant W → End(V ) of complexity 2. It is now easy to see using the composition End(V ) × End(V ) → End(V ) (which is also a covariant) that every product A i 1 · · · A ir defines a covariant of complexity 2. Finally the invariant Tr(A i 1 · · · A ir ) is an invariant of complexity at most 2. This shows
A positive answer to the following question would imply that the isomorphism of two graphs can be tested in polynomial time (which is a famous still open problem).
Question 2.6. The symmetric group S n can be viewed as the set of permutation matrices in End(F n ). Does there exist a constant m such that for all n, µ(
Gene Freudenberg
Let G a = (C, +). There exist non-linear actions of G a on C n for n ≥ 5 with nonfinitely generated rings of invariants. For linear actions of G a the ring of invariants is always finitely generated by Weitzenböck's theorem. G finitely generated for all Gmodules V ? Perhaps this class of groups consists only of those groups whose unipotent radical is trivial together with (F, +)?
is not finitely generated. Can K have transcendence degree 3?
Julia Hartmann
Let G be a finite subgroup of GL(V ) and let J denote the Hilbert ideal. The ring of coinvariants is
G is a polynomial ring. If V is a non-modular G-representation then the action of G on 
Loek Helminck
Let G be a connected reductive group over C and let θ, σ : G → G be two commuting involutions of G. Denote the fixed point groups of σ and θ by H := G σ and K := G σ . Consider the double coset space H\G/K. Let β : G → G, g → gθ(g) −1 and let Q denote Image(β). Then β induces an isomorphism G/K ∼ → Q. If h ∈ H and x ∈ G we let h * x denote hxθ(h) −1 . Then, via β, the natural left action of H on G/K becomes its * -action on Q. We want to compute the invariant theoretic quotient Q/ /H of Q by the * -action of H. In [HS] we established a version of the Chevalley-Luna-Richardson theorem [LR] showing that Q/ /H A/W Assume now that G, H and K are defined over R and denote their sets of R-rational points by G R , H R and K R . Can we find similar results in the real case?
Question 5.1. Does there exist a Chevalley-Luna-Richardson type characterization for H R \G R /K R , similar to the one above for all triples (
) with the {A i | i ∈ I} a set of maximal σ and θ-split R-tori and E(A i ) ⊂ A i , then can we find a characterization of {A i | i ∈ I} and of the finite groups W * (A i )? Do there exist slices and do we have an orbit type stratification? The answer to these questions is yes in the two extreme cases: If G R is compact, then
Wilberd van der Kallen
We would like to call this problem the Cohomological Mumford Problem. Let G be a reductive linear algebraic group defined over a field F of finite characteristic. Let A be a commutative F-algebra on which G acts rationally by F-algebra automorphisms. Let I be a G invariant ideal of A. We ask if H even (G, A/I) is integral over the image of H even (G, A). Here we restrict to the even part of the rational cohomology [J, I Ch 4] for reasons of terminology: We do not want to explain the notion of integral extensions for noncommutative rings.
The case where G equals SL 2 follows, after reduction to the case where A is finitely generated, from [K, Thm 4 .12] applied to the symmetric algebra S * A (A/I). Recall that the Mumford Conjecture for G is equivalent to the statement that H 0 (G, A/I) is integral over the image of H 0 (G, A) for all such A and I. In fact the Mumford Conjecture, proved by Haboush [J, II, Prop 10.7] , concerns the following special case. Let V be a finite dimensional G-module with a nonzero invariant vector v. Let L be the line spanned by v. Take for A the ring F[V ] of polynomial functions on V and take for I the ideal of the functions that vanish on L. Note that F[L] is just a polynomial ring in one variable. Therefore, to say that
is more than F. Now Nagata has shown [N, Lemma 5 .1B] that the case of general A, I follows from the special case.
Dikran Karaguezian
The G-module structure of S * (V ) should yield significant information about the invariant ring S * (V ) G . Thus, one might hope to obtain results in invariant theory by proving results for the module structure of S * (V ). This general program has so far worked in practice in the following way. Given a Gmodule V of some special type, one proves a module-structure theorem for S * (V ) with specific bounds on the degrees of a homogeneous system of parameters and bounds on the degrees in which various modules appear. Then consequences can be deduced for S * (V ) G . Examples of results whose proof follows this program can be found in [1] , Theorem 16.4, and in [2] , Section 8. These results suggest two questions. First, can module-structure theory be used to prove further results in invariant theory? Second, are there general theorems describing the relationship between the module-structure of S * (V ) and the properties of the invariant ring S * (V ) G ?
Gregor Kemper
Recall that Knop [K] showed that in characteristic zero, deg
G . Is this true in characteristic p > 0? Is it true for G a finite group in characteristic p > 0? It is shown in [HK] that this bound is valid if p 2 does not divide |G|.
Let G be a finite group whose order is divisible by the characteristic of F. Let R denote the ring of invariants R := F[V ]
G . Take f 1 , f 2 , . . . , f n a homogeneous system of parameters for R and put A = F[f 1 , f 2 , . . . , f n ].. Then, R is a finitely generated Amodule. Let g 1 , g 2 , . . . , g m be homogeneous invariants which generate R as an A-module. Such a set of invariants is called a set of homogeneous secondary invariants. We order these secondary invariants such that deg g 1 ≤ deg g 2 ≤ · · · ≤ deg g m and we assume that m is the minimum possible, i.e., g 1 , g 2 , . . . , g m minimally generate R as an A-module.
Question 8.1. Is it always true that g m does not occur in any of the generating A-linear relations among the g i ?
Note that this question is motivated by observation of a number of computations. Also, note that an affirmative answer implies that A · g m is a free summand of R. Furthermore, an affirmative answer would also imply that deg g m ≤ (
Hanspeter Kraft
The group GL n (or SL n ) acts on M n×n the set of n × n matrices by conjugation. The invariants here are generated by the n functions A → Tr(A k ) for k = 1, 2, . . . , n where Tr(X) denotes the trace of the matrix X. The null cone for this representation is N (M n×n ) = the set of nilpotent matrices.
Next consider 2M n×n := M n×n ⊕M n×n . The invariants here are generated by the func-
. Also, the null cone N (2M n×n ) = {(A, B) | ∃ g ∈ GL n such that gAg −1 and gBg −1 are both strictly upper triangular matrices}. Consider M n := {(A, B) ∈ 2M n×n | λA + µB is nilpotent for all scalars λ, µ}.
For n = 2, The representation 2M 3×3 is 18 dimensional. The common zero set of all the polarizations, M 3 , has dimension 9. Thus these 9 functions arising as polarizations form a regular sequence in the ring of polynomial functions on 2M 3×3 . Also dim N (2M 3×3 ) = 9. Therefore, N (2M 3×3 ) is a component of M 3 . Note that this has been proved for n = 4. Also, note that N (2M n×n ) is always irreducible.
9.3. Bialynicky-Birula Theory.
Theorem 9.4. (Bialynicky-Birula) Let X be a smooth projective variety on which C * acts algebraically, i.e., via a morphism λ : C * → Aut(X). Then the fixed points F := X C * form a smooth variety with components F = ∪ i F i . For the set X i := {x ∈ X | lim t→0 λ(t) · x ∈ F i } we have the morphism p i : X i → F i (by taking limits). Every fibre of p i is a vector space. Also for all affine open subsets U ⊂ F i , we have p
Question 9.5. (George Lusztig) Is p i : X i → F i an algebraic vector bundle? It is if d = 1.
Joel Segal
Of particular interest is the case where q = p r and F is the field of order q. A (hopefully) easier question is to determine the fixed subspace (V ⊗ · · · ⊗ V )
G . For example, as a partial answer, it can be shown that this fixed subspace is non-zero only if (q − 1) divides d, using the fact that
can be given a Hopf algebra structure.
The question can be generalized: what is D(V ) H , where H ≤ GL(V )? It is not in general finitely generated as an algebra -can we find other finiteness properties that will make a 'finite description' of the invariants possible?
Here is a series of three conjectures concerning the non-modular case by order of likelihood:
Conjecture 11.3 (Folklore). The number of generators of each degree in S p and S 0 coincide.
Conjecture 11.4 (Folklore). The set of orbit sums S 0 is a minimal generating set of
Positive answers would be of great help for practical computations! For the next question, let F be a field of characteristic 0 and suppose V is a permutation representation of a finite group G. Let τ (d) denote the number of elements of degree d in a homogeneous minimal generating set for F [V ] G .
Question 11.5. Characterize those permutation G-modules V such that τ is unimodular, i.e., such that there exits a positive integer m with τ (1) ≤ τ (2) ≤ · · · ≤ τ (m) ≥ τ (m + 1) ≥ τ (m + 2) ≥ · · · .
This property has been tested on all transitive permutation groups for dimension n ≤ 6. It seems to hold for most permutation groups. The alternating group, A n is always a counter example for n ≥ 4. Otherwise, the smallest counter example for a transitive group is for n = 6; in the computer algebra program GAP, this group is given by "TransitiveGroup(6,8)".
David Wehlau
Let F be a field of characteristic p where p = 0. Let G be a finite group whose order is divisible by p. This conjecture is easy to verify if U is a summand of V , i.e., if there exists a G-stable complement to U in V . As a consequence, the conjecture holds if V is a non-modular representation of G, (even if G is not finite). The main result in [SW2] is a proof that the conjecture holds when G is the cyclic group of order p.
One may also ask whether 
